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Abstract
We introduce the class of semiweak Cullen-regular quaternionic func-
tions by interpreting Cullen-regular functions as solutions to an inhomo-
geneous PDE in terms of the Fueter operator.
1 Introduction
This paper is a continuation of [1], where the class of Cullen-regular functions [2]
is characterized in terms of the Fueter operator. In the Fueter operator frame-
work the Cullen-regular functions look like a solution to a certain inhomogeneous
equation. This in turn leads to a integral theorem for the Cullen functions and
thus to the concept of weak solution. However this was just barely sketched.
Here we adapt some ideas from the theory of Fundamental Solutions and Weak
solutions to homogeneous and inhomogeneous PDE as given in [3]. A corre-
sponding version for this results exists in Clifford Algebras also so they are
hardly new. It is interesting to compare the proof hereby given of the Cauchy
Representation Theorem for Fueter-regular functions with [4]. In view of this,
most of this paper can be read as a short handbook. Our contribution consists
on observing that a version of C-regularity that requires weaker hypothesis than
C1 can be easily defined.
2 Solutions to the Fueter operator in the distri-
butional sense
First we recall that as consequence of the Gauss Theorem in 4 dimensions, one
has a Quaternionic Gauss Theorem.
Lemma 1 Let (n0, n1, n2, n3) be the outward unit normal of ∂Ω, any smooth,
simple closed hypersurface in the quaternionic space and Ω its interior, then
∫
∂Ω
(f0n0 + f1n1 + f2n2 + f3n3)dSK =
∫
Ω
(
∂f0
∂t
+
∂f1
∂x
+
∂f2
∂y
+
∂f3
∂z
)dV
where fi are differentiable quaternionic functions.
and then, a Quaternionic Green Integral Formula, denoting Dl, Dr as the left-
and right-Fueter operator:
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Lemma 2 Let u and v be quaternionic functions defined in a smooth domain
Ω and its border ∂Ω and, then
∫
Ω
(Dru)v + u(Dlv) dV =
∫
∂Ω
unv dS.
Proof Let u and v be a pair of differentiable quaternionic functions satisfying
the hipothesis, then we set:
f0 := uv,
f1 := uiv,
f2 := ujv,
f3 := ukv,
and apply Lemma 1.
Definition 1 Let f is a integrable quaternionic function defined in a bounded
domain Ω with boundary ∂Ω. We say f is weak F-regular in Ω if
∫
Ω
(Drϕ)f dV = 0,
for all test functions ϕ vanishing in ∂Ω.
Proposition 1 Let f be a C1 weak F-regular function, then f is F-regular in
the classical sense.
Proof Suppose f is a C1 weak F-regular function. Then we have, setting u := ϕ
a test function and u := f in Lemma 1
∫
Ω
ϕ(Dlf) dV = 0,
for all choices of test functions ϕ. In particular if ϕ is real-valued, applying
the Fundamental Lemma of Variational Calculus on the components of Dlf we
conclude that
Dlf = 0.
in Ω. More generally,
Definition 2 Let f and h be integrable quaternionic functions defined in a
bounded domain Ω with boundary ∂Ω. We say f is weak solution to the in-
homogeneous equation
Dlf = h,
in Ω if ∫
Ω
(Drϕ)f + ϕh dV = 0
for all test functions ϕ.
Proposition 2 Let f be a C1 weak solution to the inhomogeneous equation,
then f is a solution in the classical sense.
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Proof Let f be a such function. Define a continuous quaternionic function g
as
g := Dlf − h,
then, by hypothesis, for all test functions ϕ:
∫
Ω
(Drϕ)f + hϕ dV = 0,
now, since for all test functions ϕ we have
∫
Ω
(Drϕ)f dV = −
∫
Ω
(Dlf)ϕ dV,
this implies, using the hipothesis that
0 = −
∫
Ω
(Dlf)ϕ dV +
∫
Ω
hϕ dV = −
∫
Ω
gϕ dV,
which holds in particular if the test function is real. Using the Fundamental
Lemma of Variational Calculus on the components of g we see that g must
vanish identically in Ω. We obtain then that the C1 function f satisfy
Dlf = h.
3 Inverse of the Fueter operator in the distribu-
tional sense
Let E(q, p) denote the following quaternion valued function of the two quater-
nionic variables p and q.
E(q, p) :=
1
2π2
(q − p)−1
|q − p|2
.
Note that
|E(q, p)| =
1
2π2|q − p|3
,
and
E(q, p) = −E(p, q).
For a fixed quaternion q the function E is analytic for every p 6= q with a isolated
weak singularity at q. E is left and right F-regular on its domain H\{q}:
DlE = DrE = 0.
Proposition 3 Let f be a continuous function, n the unit outward normal to
the ball with center p, then
lim
ǫ→0
∫
|q−p|=ǫ
E(q, p)n(q)f(q)dSq = f(p).
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Proof For every positive ǫ, let dµ denote the element of surface of the unit
3-shere. Then:
lim
ǫ→0
∫
|q−p|=ǫ
E(q, p)n(q)f(q)dS = lim
ǫ→0
∫
|q−p|=ǫ
f(q)dµ = f(p).
Remark For this limit to hold it suffices that the function f is continuous.
Proposition 4 Let ϕ be a test function on Ω and let p ∈ Ω be an interior point
then ∫
Ω
(Drϕ)E(q, p) dVq = −ϕ(p).
Proof Since we want to apply Lemma 2 to a function having a isolated
singularity at an interior point p of Ω we need to omit a neighbourhood of p.
Let Ωǫ := Ω\U¯ǫ where Uǫ denotes the ǫ-neighbourhood of p. Then the boundary
of Ωǫ consists of ∂Ω and the ǫ-sphere centered at p. Now, applying Lemma 2
with u := ϕ a test function and v := E we have
∫
Ωǫ
ϕ(DlE(q, p)) + (Drϕ)E(q, p) dVq =
∫
∂Ω
E(q, p) n ϕ dSq +
∫
|q−p|=ǫ
E(q, p) n(q) ϕ dSq,
and from this we conclude that∫
Ωǫ
(Drϕ)E(q, p) dVq =
∫
|q−p|=ǫ
E(q, p) n(q) ϕ(q) dSq.
Now, applying the Proposition 2, since n is an inward unit normal in the
ǫ-sphere:
lim
ǫ→0
∫
|q−p|=ǫ
E(q, p) n(q) ϕ(q) dSq = −ϕ(p),
from this we conclude that∫
Ω
(Drϕ)E(q, p) dVp = −ϕ(p).
Proposition 5 The function g defined as
g(p) := −
∫
Ω
E(q, p) h(q) dVq ,
is a weak solution to the equation
Dlg = h.
Proof Denoting Ω as domain of the p- and q-space as Ωp and Ωq, we have:
∫
Ωq
(Drϕ)g(q)dVq =
∫
Ωq
(Drϕ)
(
−
∫
Ωp
E(p, q) h(p) dVp
)
dVq
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Using Fubini’s Theorem for weakly singular integrals the right hand side can be
written as∫
Ωp
( ∫
Ωq
(Drϕ)E(q, p)dVq
)
h(p) dVp =
∫
Ωp
−ϕ(p) h(p) dVp,
and thus ∫
Ωq
(Drϕ)g(q) + ϕ(q) h(q) dVq = 0.
4 Analiticity of Fueter-regular functions
Proposition 6 Let f be a F-regular function defined in a domain Ω and its
boundary ∂Ω and p a point in the interior of Ω then
f(p) =
∫
∂Ω
E(q, p)n(q)f(q)dSq
and therefore F-regular functions are analytic.
Proof Setting u := E and v = f a F-regular function in Lemma 2 we have:
∫
Ωǫ
(DrE(q, p))f(q) + E(q, p)(Dl(f(q)) dVq =
∫
∂Ω
E(q, p)n(q) f(q) dSq +
∫
|q−p|=ǫ
E(q, p) n(q) f(q) dSq.
Since the left handside vanishes for every ǫ we have:
∫
∂Ω
E(q, p) f(q) dSq +
∫
|q−p|=ǫ
E(q, p) n(q) f(q) dSq = 0.
Now taking the limit as ǫ goes to zero, since the unit normal on the ǫ-sphere is
inward, using Proposition 2 we have the desired result.
5 Special case: Semiweak Cullen-regular func-
tions
Define ι as
ι :=
xi + yj + zk√
x2 + y2 + z2
.
then we write p as t+ rι, with r the norm of the imaginary part of p.
Quaternionic functions of one quaternionic variable that are of class C1 and
null-solutions to the left-Cullen operator defined as:
∂
∂t
+ ι
∂
∂r
,
will be called C-regular.
Note that ι can be parametrized by spherical coordinates
ι = (cosα sinβ, sinα sinβ, cosβ).
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The left-Fueter operator in this coordinate system has the form:
Dl =
∂
∂t
+ ι
∂
∂r
−
1
r
∂
∂ι
,
for all p that does not lie in the complex subplane of the quaternions given by
t+ zk. Where
∂
∂ι
:= (ια)
−1 ∂
∂α
+ (ιβ)
−1 ∂
∂β
.
and ια and ια represent the derivatives of ι with respect to α and β respectively.
Definition 3 Let f be a integrable quaternionic function defined in a bounded
domain Ω with boundary ∂Ω that admits derivatives in the variables α and β.
We say f is semi-weak C-regular in Ω if
∫
Ω
(Drϕ)f dV =
∫
Ω
(
2vϕ
r
) dV
where
v :=
1
2
∂f
∂ι
,
for all test functions ϕ vanishing in ∂Ω.
Proposition 7 Let f be a C1 semi-weak C-regular function, then f is C-regular
in the classical sense.
Proof Applying Proposition 2 to f we see that f must satisfy:
Dlf = −
1
r
∂f
∂ι
now the latter can be written as:
(
∂
∂t
+ ι
∂
∂r
−
1
r
∂
∂ι
)f = −
1
r
∂f
∂ι
and thus
(
∂
∂t
+ ι
∂
∂r
)f = 0.
so f is C-regular. We now show a representation theorem for C-regular functions
in the classic sense. Taking u = E and v = f a C-regular function in Lemma
2 we have that for in interior point of p of Ω:
f(p) =
∫
Ω
E(q, p)(
2v
r
) dV +
∫
∂Ω
E(q, p)n(q)f(q) dS.
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